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Abstract 

Wavelet set wavelets were the first examples of wavelets that may not have associated multiresolution 
analyses. Furthermore, they provided examples of complete orthonormal wavelet systems in L^(R'') 
which only require a single generating wavelet. Although work had been done to smooth these wavelets, 
which are by definition discontinuous on the frequency domain, nothing had been explicitly done over 
W^, d > 1. This paper, along with another one cowritten by the author, finally addresses this issue. 
Smoothing does not work as expected in higher dimensions. For example. Bin Han's proof of existence 
of Schwartz class functions which are Parseval frame wavelets and approximate Parseval frame wavelet 
set wavelets does not easily generalize to higher dimensions. However, a construction of wavelet sets in 
R'' which may be smoothed is presented. Finally, it is shown that a commonly used class of functions 
cannot be the result of convolutional smoothing of a wavelet set wavelet. 
AMS Subject Classification: 42C40, 42B99, 46A11 
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1 Introduction 

1.1 Motivation 

For many years it was thought that a single wavelet could not generate an orthonormal basis for I/^(R'*), 
d > 1; however, the groundbreaking work of Dai, Larson, and Speegle PP [1] [3] and Hernandez, Wang, and 
Weiss [4] [5] introduced wavelet sets, which provided a counter-example to this common belief. However, 
with the exception of the recent paper f^, all constructed wavelet sets for R'*, d > 2, yielded wavelets 
with very complicated, fractal-like spectral support [7] [H] [S] 13] |10) [11) . Wavelet set wavelets have, 
by definition, discontinuous Fourier transforms and so do not even lie in L^(R'*). A number of successful 
attempts, some constructive, have been made to smooth 1-dimensional wavelet set wavelets [12] [13] [H] 
[15j [3] [5] (see [TB] for a summary of the various results) . A systematic construction of (non-orthogonal) 
Parseval frame wavelet sets without complicated spectral support may be found in [17]. In [18], these 
wavelets were smoothed on the frequency domain by convolution with elements of approximate identities, 
yielding frame wavelets which converged in to the original Parseval frame wavelets. Not only did this 
seemingly natural method yield unexpected results, namely the resulting frame bounds were uniformly 
bounded away from one (called frame bound gaps), but the error worsened as the dimension of the wavelet 
set increased. In this paper, we attempt to generalize Bin Han's non-constructive proof of the existence 
of Schwartz class functions which approximate Parseval wavelet set wavelets in L^(R) to L'^(R''). We 
show that the natural approaches to such a generalization fail. These results show that smoothing of 
wavelet sets does not trivially generalize to higher dimensions. Furthermore, we show that a collection 
of well-known functions which also approximate wavelet set wavelets generate frames with upper frame 
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bounds that converge to 1 and thus cannot resuh from convolutional smoothing by an approximate 
identity. 



1.2 Preliminaries 

We begin by defining the key mathematical items of interest. 

Definition 1. A sequence {ejjjgj in a separable Hilbert space H is a frame forT-i if there exist constants 
< A < B < oo such that 

yfen, A\\ff <J2\if,^,)\' <B\\ff- (1) 

je,7 

The maximal such A and minimal such B are the optimal frame bounds. In this paper, the phrase frame 
bound will always mean the optimal frame bound, where A is the lower frame bound and B is the upper 
frame bound. A frame is Parseval if A — B — 1. 

Every orthonormal basis is a frame. One may view frames as generalizations of orthonormal bases 
which mimic the reconstruction properties (i.e.: Wx,x = of orthonormal bases but may have 

some redundancy. Frames first appeared in the seminal paper by Duffin and Schaeffer [19) . 

Definition 2. Let Tp € (R**) and define the (dyadic) wavelet system, 

W {i>) = {DnTki>{x) : n G Z, fc G Z'*} = {2"'*/^ {^"x - fc) : n G Z, fc G Z"*}. 

If W (ip) is an orthonormal basis (respectively, Parseval frame, frame) for (R''), then ip is an or- 
thonormal wavelet (respectively, Parseval frame wavelet, frame waveletj or simply a wavelet for I/^(R''). 

The first wavelet system appeared in Haar's thesis [20] [21]. For any measurable set S C R'*, the 
characteristic function of S, Is, is 



ls{x) 



1 ; x£ S 
: else 



Definition 3. If L is a measurable subset ofW^ and W{iL) ts an orthonormal basts (respectively, frame 
or Parseval frame) for L^(R''), then L is an orthogonal (respectively, frame or Parseval frame^ wavelet 
set or simply a wavelet set. 

Wavelet sets are completely characterized by simple geometric properties. Classical examples of 
such wavelets which predate formal wavelet set theory are the Shannon or Littlewood-Paley wavelet 
i[_i,_i/2)u[i/2,i) and the Journe wavelet i[_i6/7,-2)u[-i/2,-2/7)u[2/7,i/2)u[2,i6/7) • Finally, we comment 
on the conventions used in this paper. For a function / G L^{W^), the Fourier transform of f is defined 
to be 

■^(/)(7) = /(7)= / f{x)e-^^^^-<dx. 



By Plancherel's Theorem, T extends from nL^ to a unitary operator . We denote the inverse 

Fourier transform of a function g G L^(R'') as J-~^g = g. Our definition of support will not be the 
traditional one to get around conflicts between measure and topological closure. For / : R'' — >■ C, the 
support of f, supp / is the following equivalence class of measurable sets 

SCE'': 1 |/(a;)|da; = 0, and if i? C S then / \fix)\dx>0 
Jk''\s J s\r 



We shall still speak of the support of a function, just as we refer to a function in an space. So, 
supp/ C R'* means that at least one element in the equivalence class is a subset of R'', and / is 
compactly supported means that supp / C K, where K is a compact set. Similarly, if / : R'' — )■ C and for 
e > 0, define supp^ / to be the the equivalence class of measurable sets. 



\scR'^:f {\f{x)\-e)dx <0,RC S ^ [ {\f{x)\-e)dx>0 

[ JK<i\S Js\R 
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1.3 Background 

Definition 4. The space C^(R'') consists of functions / : R'' — > C which are infinitely differentiable and 
compactly supported. Given a multi-index a = (ai, 02, • • . , Qd) G (N U {0})'', we write \a\ = X^iLi*^!; 

= nf=i ; '^^d, D°' — g^°u2 ■ • ■ • infinitely differentiable function / ; R'* — > C is an 
element of the Schwartz space ^(R'*) if 

Vrz = 0, 1,... sup sup (1+ ||a:f )° |I>"/(a;)| < 00. 

|ct|<n,a6{NU{0})'' a;eK<* 

Clearly ^ , so the Fourier transform is well defined on ,y and is in fact a topological automorphism. 
Since C'^ C J^, the (inverse) Fourier transform of a smooth compactly supported function is smooth. 
We will denote the Hardy space {/ G L^(R) : supp / C [0,oo)} as i/^(R), as in \15f . 

We now make note of a comprehensive result concerning frame bound estimation, which appeared in 
[18j based on results in |22] . [23j . [24] , and [25] and may be viewed as a specific application of a result in 

m- 

Theorem 5. Let tp G L^(R'^), and let a > be arbitrary. Define 

= esssup„<||^j|<2„ ^ ^|v;(2"7)V)(2"7 + fc)| and 



= essinfa<||^||<2a 



^]^(2"7)| -^^|^(2"7)Vi(2"7 + fc)] 

ngZ feT^OngZ 



7/ < 00 and > 0, then W (V') is a frame with frame bounds A and B satisfying the inequality 
< A < B < M^. Furthermore, ifW{ip) is a frame, then for 

nez 

= esssup^<||^||<2^ K^(7), anrf 
= essinf„<||^||<2a 1^(7), 

the inequality A < K ^. < < B holds. 

Note that this Theorem implies that W{ip) is a Parseval frame only if ^^(7) — 1 for almost all 7. 

1.4 Outline and Results 



In Section [2. II we present the results from 14 and 15 which concern the existence of smooth Parseval 
frames which approximate 1-dimensional Parseval frame wavelet sets. Bin Han's methods involve aux- 
iliary smooth functions which we try to generalize to higher dimensions in Section 12.21 We show that 
forming tensor products or other similarly modified versions of the auxiliary functions from Section [2.11 
either fails to yield a Parseval frame or fails to yield a smooth wavelet when used to smooth a certain 
type of wavelet set. However, some Parseval wavelet set wavelets in R'* can be smoothed using methods 
inspired by Han's work, see Section [3] In Section [4] we construct a class of functions which form 
frames with upper frame bounds converging to 1. We conclude with a summary in Section [5] and lengthy 
calculations in Section |B] 



2 Schwartz class Parseval frames 

2.1 Parseval frames for L^(M) 

In his Master's thesis, [2], as well as the paper [15) . Bin Han proved the existence of C°° Parseval frames 
for H^{M.). The following definition and two lemmas appear in the paper [15) . 
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Definition 6. For any measurable subset L C R'' define 

A(L) = dist(L, U (i + fc)). 

fc6Z''\{0} 

Lemma 7. There exists a function 9 G C°°(R) satisfying 0{x) = when x < —1 and 6{x) — 1 when 
X > 1 and 

e{xf + e{-xf ^ 1, xeR. 

Definition 8. Given a closed interval I = [a, b] and two positive numbers Si, $2 such that Si +82 < b — a, 
we define 

!^ (^JI^) w/ien X < a + 5i 

1 when a + 5i < x < b — S2 

0(^^) whenx>b-S2 

Note that supp{f(^j.Si,S2)) - [a — 5i,b + 52]. 

Lemma 9. For any positive numbers 5i, S2, Sz and < a < b < c, 

fiI;Si,S2)i'2"x) = f(2-l'I;2-''Si,2-l'S2)i^) 

and 

f{[a,b];5i,S2){^) + .f(lb,c]:S2,S3)i^) = /( [a,c] ;« i ,^3 ) (a^) • 

The preceding lemmas are used to prove 

Proposition 10 (dH])- Suppose that a family of disjoint closed intervals li = [ai,bi], 1 < i < I m (0,cxj) 
is arranged m a decreasing order, i.e., < bi < < . . . < bi and u\^ili is a Parseval frame wavelet 
set for H'^{R). If A{u{^i I,) > 0. Then for any 

< (5 < i min{A(uUi/i), min {hi — Oi}, min dist(/i, /i+i)}, 

2 l<i<l l<i<l 

let 

I 



i=2 



where ki is the unique non-negative integer such that 2*"'/; C [i6i,fei]. We have G .^iR) and VV(7/'5) 
is a Parseval frame m //^(R). 

A similar proposition holds for I/^(R). A proof may be found in [16| . 

Proposition 11. Suppose that a family of disjoint closed intervals h = [ai,bi], 1 < i < I inV. is arranged 
in a decreasing order, i.e., bi < < ... < bi where 6j < < fflj-i and u'=i7i is a Parseval frame 
wavelet set for i^(R). // A(U-=i/i) > 0, then for any 

< (5 < i min{A(uUi-^i)i min {6; — a^}, min dist(Ji, Ji+i)}, 

Z \<i<l l<i<l 



let 



-ki -1 c o — fc,- -Is 



+ /(!, 



where for 2 < i < j — 1, ki is the unique non-negative integer such that 2'°'7i C [i6i,fei] and for 
j < i < I — 1, ki IS the unique non-negative integer such that 2*^'/; C [ai, ^ai]. We have Tps G =^(R) and 
W{ips) IS a Parseval frame in L^(R). 

The following theorem from [IS] was used to show that shrinking the frequency support of smoothed 
Parseval frame wavelets (which were not always even frames, let along Parseval frames) tightens the frame 
bounds. The shrinking of the frequency support is related to increasing the sampling of the continuous 
wavelet system. 

Theorem 12. Let tjj G L2°(R'') be a non-negative function. If there exists an e > such that for 
L — supp^ 4), Un6Z 2"-^ ~ ''^P °f measure 0, and for L = supp-f/;, A(L) > 0, and dist(0, L) > 0. 

Then, W(V') is a frame for {W^) . The frame bounds are essinf^. (7) anrf esssup (7) . 
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Using this tiieorem, we may modify any bounded Parseval frame wavelet set in R so tliat we may 
apply Proposition [TT] in order to obtain a smooth Parseval frame wavelet set. 

Corollary 13. Let L C R 6e a Parseval frame wavelet set. Let N £1^ have the trait that 2^L C (—5, 5). 
Then there exists a tp £ ^(R) such that ip G C^(R) and W(^) is a Parseval frame and the measure of 
supp(i/))\2'^L is arbitrarily small. 



2.2 Extensions of Han's construction 

We would like to extend Han's results even further in order to create Schwartz class Parseval frames over 
L^IW^) for d > 1. The basic idea of Han's construction is to replace each ,6.](a::) with an appropriate 
bump function /^j^. ^.j.^. ^.^(x), where Ui[cii, bi\ is a Parseval frame wavelet set with A(u4ii, bi]) > 0. 
We will attempt to generalize the smoothing techniques on the class of Parseval frame wavelet sets 

{La} = {[-2a,2af\[-a,af : < a < i}. 

Any such La is indeed a Parseval frame wavelet set since each tiles the plane under dyadic dilation and 
A(La) > for < a < i [22] [3]. These sets are natural ones to start with because of their simplicity. We 
need to define an appropriate family of smooth functions to replace each 1l<i (2;, y). We try the following 
functions: 



= f{[-2a,2a,];S,S){x)f{\-2a,2a];S,S){y) " 



(2) 



({-a,a\-AA) 



(^)/([_ 



,(j/),and 



5'(-La;i,4)(^'y) 

' 2a-\y\ • 







2a-\y\ 
S 



6/2 



5/2 



S/2 



I — a \ 



when G [0, 2a - 5] and \y\ G [2a - 5,2a + 5 

when l^l, \y\ G [2a — 5,2a ^ 
when [y[ G [0, 2a - 6] and |x| G [2a - 5,2a + 5 



when {[x[,[y 
when \x\ G [0, a 



1^ G [0,2a-Sf\[0,a+ ^]'' 
|] and Ij/I G [a — |, a + I 
when |a::|,|y|G[a — |,a+| 



when \y\ G [0,a — |] and \x\ G [a — 



otherwise, 



(3) 



where 9 is as in Lemma[7l We first note that g is well defined even though the piecewise domains overlap. 
In order to form h, we tensor the 1-dimensional interval bump functions to create 2-dimensional rectangle 
bump functions and then subtract such functions corresponding to [—2a, 2a] ^ and [— a, a]^. The function 
g may be seen as a piecewise tensor product. In fact, hf^j^ L^i^iU) = ffj^^ s.){^,y) 



and supp h 



for {x,y) ^ [-a - i^,a + -i\[-a + -,a - -\- 

Although both of these functions seem like promising candidates. 

It 



neither X]„gz ^(/^ .5 (2"a;, 2"y) nor X]nsz5(L -a l) (2"a;, 2"y) are equal to 1 almost everywhere 

follows from Theorem [5] that neither W(/i) nor W(^) are Parseval frames. The proofs of the following 3 
propositions are in Section [6] 

Proposition 14. Let < a < i, set L = [—2a, 2a]^\[— a, a]^, and pick a 5 such that < (5 < | min{l — 
4a, a}. Let h be as in Equation^ Then X^nsz '''(i -s i)(2"^i2"y) is not equal to 1 a.e. 

Proposition 15. Let < a < i, set L = [—2a, 2a]^\[— a, a]^, and pick a 5 such that < <5 < i min{l — 
4a, a}. Let g be as in Equation^ Then X^nGzff^^L ,5 i.) (2"a;, 2"j/) is not equal to 1 a.e. 
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However, as the calculations in Section [6] show, 

X]5['L„;i,i)(2'"2:,2"y) = 1 for all 



5 5' 



So we adjust h^^j^^,^ s^{x,y) on C = [a 
frame. We do this by setting 



{\x\,\y\f ^{0}u[ U 2" 
mez 

^]'^ U [2a — 5, 2a + (5]^ in hopes of obtaining a Parseval 



and 



f(La;s,§)i^'y) = ^{L„;5,|)(2;,2/) for i\x\,\y\V i c 



for {\AM\Y ^ G C". \A + |y| = 1^1 + \vV and |x| + \y\ small enough. Explicitly, /(^^^.^^^^(s, y) 



^a-\x\-\y\-& 
1a-~ I X 



5/2 

'j£j+jBh-2a+4/2\ 
5/2 ; 



|a;| G [0, 2a - S\ and |y| G [2a - 5, 2a + S\ 
\x\, \y\ G [2a - 5, 2a + 5], for 4a - 25 < \x\ + |y| < 4a 
|y| G [0, 2a - S\ and G [2a - 5, 2a + S\ 
(|x|,|y|rG [0,2a-51^[0,a+|]2 
|x|, |y| G [a - |,a + |] for 2a < |x| + |y| < 2a + (5 
\x\ G [0,a - |] and \y\ G [a - |,a + |] 



G[a-|,a + | 



X I — a \ 



for 2a — 5 < + |y| < 2a 
|y| G [0,a- |] and \x\ g [a - |,a + |] 



otherwise. 



Proposition 16. Let < a < j, set L — [—2a, 2a]^\[— a, a]^, and pick a < 5 < ^ min{l — 4a, a}. Let 

+l/;|(2f) = ./■('_2,,2a]2\[-f,f]2;5,f)(2')- 

Proposition 17. Lef < a < i, set L — [—2a, 2a]^\[— a, a]^, and picA: a < 5 < ^ min{l — 4a, a}, iet 
^■5 ^ -^(La-a I)- ^^^'^ ^ Cc(i^)\Ci(i^) anrf W(V'5) «s a Parseval frame for L'^{^'^). 

Proof. Since 



supp^ii C [— 2a — (5, 2a + 5] 

C ('-2a- i(l-4a),2a+i(l-4a) 



1 1 

2' 2 



for all n G N U {0} and k G 



^5 (2"(£+fc))i/'*(2"f) =0 a.e., 

I „ i2 

where x = {x,y). In order to utilize Theorem [5] we would like to show that X^nez h/''5(2"2;) = 1 for 

(f). Then it will 



a.e. X. We will accomplish this by showing that ips{x) + ips{2x) = 
follow from iteration that 



([-2a,2a]2\[- 



([_2l- Ma, 21- Ma]2\[-2-«a, 2- «a]2;2-'>f 5,2- l-«4) 
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which is 1 on [2i-^^a + l-^'S, 2^-^' a - 2-^Hf\[2-^ a + 2-'-'' 3, 2-'' a - 2-^-''&f, where 
2^~"a - 2'"(5 = 2-^' {2a - 5) ^ oo as M ^ -oo 

and 

2 a — 2 — 2 (a— 2^ as N ^ oo 

So X^nez h/''5(2"2;) = 1 a.e. By symmetry, it will suffice to show that 

^l{x)+^Pj{2x) = /('_2a,2a]2\[-|,|12;i,|)(5') 

for positive x and t/, but this follows immediately from the preceding proposition. 

Thus W{ips) is a Parseval frame, but has cusps along {(2a — 5 + t,2a — 5)'^ : < t < 25}, as well 
as other edges. So ips ^ Cl(R^). □ 

Thus we have found a method to smooth the Parseval frame wavelets 11^ for < a < j, which is 
analogous to Han's method, but it does not yield Parseval frame wavelets with good temporal decay like 
Schwartz functions. It seems that this method should generalize to other Parseval frame wavelet sets in 
R'^ which have piecewise horizontal and vertical boundaries. However, there does not seem to be an easy 
way to write an explicit formula that works in general. Furthermore, only a relatively small number of 
Parseval frame wavelet sets have such a boundary. Perhaps not all is lost. Instead of trying to smooth 
Ik for some already chosen Parseval frame wavelet set K, we now try to build Schwartz class Parseval 
frames for L^(R^) directly from the bump functions over M. 



3 A construction in higher dimensions 

In the preceding work, problems arose around the corners of the boundary of La = 2a, 2a]^\[— a, a]^ 
when we tried to smooth What if there were no corners to deal with? For < a < |, we define 

/([a,2a]xSl;f = /( [a ,2a] ; | ,i ) ( V^"" + ) ' 

where /^j^ ^a]-^ s)(') ^ Definition[51 

Proposition 18. Let < a < i. For any < S < ^ min{l — 4a, a}, define i/ia : — >■ R 6j/ ipsix, y) = 
/{[a,2ai;f + V^) ■ Then, ijj G ,y(R^) and W{ips) is a Parseval frame for L^(R^). 

Proof By construction, i^s £ Cf(R^) ^ i>s & J5^(R^). Since 5 < i(l - 4a), A{snpp^s) < 0. So for aU 
n G NU {0} and fc e Z\{0}, 

ti}s{2"ix + k))ip{2"x) = a.e. 
where x — {x,y)'^ . Hence, in order to prove that W(i/'«) is a Parseval frame, it suffices to show that 
Sngz h/''5(2"2') = 1 a.e. We compute 

^|^(2"f)|' = Ei/([a.2.];|,*) (V(2"^)^ + (2"j/)^)f 

nez nez 

- E |/([a.2.];|,*)(2"-)f for z = v/^^ (4) 

nez 

I ~ 1^ 

We know that Q = 1 for almost all non- negative z, specifically for z > Q. So X^nez Wii'^^x)] — 1 for 
R^ 9 f / 0. Thus is a Parseval frame for L^(R^). □ 

This result and proof generalize to R'', d > 2. 
Corollary 19. Let Q < a < \. For any < 5 < f min{l - 4a, a}, define i/ii : R'' -5> R 6y ^s{x) = 
/([a,2a];|,a)(l|2:|l)- Then, V) G ,y(R'*) andWiips) is a Parseval frame for L"^ {R'') . 

Proof. The proof is as above. □ 
We now have Schwartz class Parseval frames for L^(R''), d > 1 which are elementary to describe. 
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4 Partitions of unity 



We now switch gears slightly and consider a class of well-known functions in 5(R). C°° partitions of 
unity are important tools in analysis and differential topology. While the topic of C°° partitions of 
unity is outside the scope of this paper, we shall utilize a class of functions which is commonly used in 
conjunction with that subject, e.g.: [28) . 

Definition 20. Let / ; R — >■ R 6e the function f{'y) = e~^l(o,oo). Also, let b,m > be such that 
6 - ^ > 0. Define ip G C^(R) as 



fib+^-h\) + f{\l\-b+^)- 
If a > ^ is clear from the context, we shall write (pm ~ tp^^rn- 

(pb,m is a smooth function which takes the value 1 on the disk < 6 and the value outside 

the disk |a;| < b + i. We shall now prove that the function is actually monotonic over the positive reals. 

Lemma 21. Fixb - ^ > Q. Then 'f'b.m ts increasing over (— oo,0) and decreasing over (0,00). 
Proof. Let 7 > 0. We calculate 'p'b,m{'y)- The numerator is 



(fib+--l) + f{l-b+-)) (-f'ib+^^y)) 
\ m m J \ m J 

+ 1 - (-f'{b + - - 7) + f'il ~b+-)\ 
m \ m m J 



while the denominator is 

/(^'+^-7) + /(7-&+^; 

and thus 

^, , , - (/(7 - b + + ^ - 7) + ./(b + ^ - 7).r (7 - b + ^)) 

For all 7 e R, 7(7) > and f'{^) — :p-e~~ l(o,oo) > 0. Elence for 7 > 0, <^b,m(7) 0- Since •f>b,m is even, 
this implies that mil) ^ for 7 < 0. □ 

Theorem 22. Let < q < ^ and m > max{£, jS^^}- Define 

Then ipm G iS(R) and W('i/)m) forms a frame with hounds Am and Bm- For all m, Am < §, but as 
m — >■ 00, Bm — >■ 1. 

Proof. As m > ^, (pm is well-defined, and it follows from the definition of ipm that 

7 r 1 a 1 . .a 1 1 . 

suppV'm = [-a ,-7T + — U o ■ 

m 2 m 2 m m 

Since m > j^2^, supp?/)m C (— |, |). By continuity, there exists e > such that [— a, — ^) U [f ,a) CI 
supPj %l)m. Thus, it follows from Theorem [T^] that W(^/)m) forms a frame with lower frame bound Am ~ 
K_^^ and upper frame bound Bm = K^Jm ■ A-S i/^m is even, it suffices to optimize over any positive 
dyadic interval. We shaU use + \,a + i). Since m > |, ^^^(7) = (V'm(7))^ + (V'm(f ))^ for 



8 



7 e + sIt' a + Also m > I implies that a - ^ > f + ^. Hence, over [| + ^l-, « + i), 



(^r.(7))'+0 

1 + 

i + (Vi™(i))' 

(V'-(7))' + {MW 

1 

(^r.(7-%))' + (V'(i 



3a ■^■^2 



forf + :5^-<7<-| + i 

2 ' 2m — ' 2 ' m 

forf + J-<7<a-^ 

2 m — ' m 

fora- — <7<a- — 
fora- — <7<o+ — 

for § + < 7 < ^ + i 

2 2m — ' 2 ' m 

for^ + J-<7<a-A 

2 ' m — ' m 

for a — — < ^ < a — - 
fora-^<7<a+i 



Note that 
• 7 



X < for f + 2^ < 7 < I 



+ J- since m> -, 



2-^<0fora-^<7<a-i, 

2 4 m — ' m ' 



7- 



> for a — - < ^ < a + — since m > - , and 

• ^ — ^<Ofora < "f < a + — since m > - . 

Thus, is increasing over f + y- <7<a — -, but is not monotonic over a — - <7<a+— . Hence 



mm 

-i<7<a- 



,a 1, ( ^ ,,0, 1. 3a, 



and 



g-2m/3 _|_ g- 



1 + e-^Ws 



max Kvr„(7) = «Vm(a ) 

-\<i<o.-^ m 



= 1 + 
= 1 + 
= 1 + 



I g — 2m/3 



3a, 
T 

2 



1 



1 + e*'"/^ 



Note that as m — >■ oo. 



min KV'm(7) 1 

f + i<7<a-i 

max Kv,„(7) ^ 1 

f + i<7<a-i 

We shall now consider over (o — -i;, a + ■;^). We start by substituting 7 = a + ^, t £ (—1, 1) and 
expanding over these values: 



, t . ( ^ , t 3a, \ ( ^ t 3a, 



-m/(l-t) 



g-m/(l-t) ^ g-m/(l + t) 
2 



-2m/(2+t) 



+ 



1 ^ g2mt/(l-t2) y I ]^ ^ g-4m,t/(4-t2) 



g-2m/(2+t) ^ g-2m/(2-t) 
2 



9 



^ = 5- Wc claim that for any < 5 < |, K^^(a+ ^) converges 
uniformly to 1 over [5, 1 — S]. Choose an arbitrary < e < 2. We claim that for any 

'(l_52)ln(yi-l) (52_4)ln(l-^/r^ 



m > max ■ 



45 



|/t^^(a + ^) — 1| < e for alH e [(5, 1 — 5]. A routine application of the triangle inequality yields 



l'*V'r,.(«H ) - 1| = 

m 



< 



I ^ g2mt/(l-t2) 
1 



\ _|_ g2mt/(l— t^) 

Since m > for all t€[d,l- 6], 



+ 



+ 



1 _|_e-4mt/(4-t2) 

1 

1 _|_ g-4mt/(4-t2) 



- 1 



- - 1< e 



2mi/(l-(S^) ^ g2mt/(l-t^) 



- < (1 + e 



1 



2mt/{l-t'')N.2 



1 + e' 



2mt/{l-t2) 



Since m > 



(5^-4) ln(l- 



46 



1 - 



1 - - > e 

-4mt/(4-t2)N2 _ 



-4m(S/(4-(S^) ^ g-4mt/(4-t2) 



2(e 



-4mt/(4-t^)x 



> 



|(-g-4mt/{4-t2)^2 _ 2(e"'''"*/(''"*^')| < 

|l_(l + e-*'"'/("-'''f I < I 



1- + . 



-4mt/(4-t^)-|2 



(1 _|_ g-4mt/(4-t2)-)2 
1 



(l + e-*'^*/(-*-*^))2 



<2 



< 



Thus, I^VmC"^ + m) ~ ^ ^ * ^ [<^) 1 ^ <5]- It is also true that for any < 5 < i, KVm(<* + ^) 

converges uniformly to 1 over [—1 + 6,-5]. The proof works in the same manner, except the triangle 
inequality is used in the following way 

t 



1 + g2mt/(l-t^) 



1 + f.2mt/(l-t^) 



( 1 

V 1 + e-*™ 



1 + 



4mt/(4-t2) 
1 



1 + e-4mt/(4-t2) 



Combining this convergence with our knowledge of the values /tVmlO) = ii i^^m{"-+ ^) = 



l+e 



1 V 

-4m/3 ) 



and /t^„(a - ^) = 1 + 



l + e' 



we conclude that 



lim Br, 

m— >oo 



lim iC^^ = 1 



□ 
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Using a result from [18] , a corollary to Theorem [22] is that these smooth bump functions cannot be 
the result of convolutional smoothing with an approximate identity formed by dilations. We reference 
the 1-dimensional version of the theorem here. 

Theorem 23. For < a < 1/2, /e< L C R he the Parseval frame wavelet set U [f Also let 

gr : R — > R satisfy the followtng conditions: 

i. suppg C [— fe, c], where fo, c > and suppg contains a neighborhood ofO; 
ii. J g{'y)dj = 1; and 



< 1. 



Hi. < / g{'y)d'y < 1 and < (7(7)0(7 
Define ipm = 1l * ff(m)- For any 

'2{b + c) b + c 46 + c Aci + b. 



m > max 



' l-2a' 



W(V'm) is a frame with frame bounds Am and Bm, and there exist a < 1 and /3 > 1, both independent of 
m, such that Am < 01 and Bm > P- These are called frame bound gaps. 

Corollary 24. Define ipm as in Theorem \22\ Then there does not exist a g : R — >■ R such that ipm ~ 
l[-a,a]u[-a/2,a/2] * 9(m) , whcrc = mg{m-). 

Proof. Assume that such a g exists. Since the building blocks of tpm satisfy SUpp (pm — [— a/4— l/m, a/4+ 
1/m], suppp = [—1, 1]. Furthermore, since (j)m is increasing over (— oo,0) (Lemma I21|l . g must be non- 
negative. Thus such a g satisfies that hypotheses of Theorem 1231 and for large enough m, there exist 
frame bound gaps for yV{ipm). That is, the upper frame bound of W{ipm) cannot converge to one. 
However, this contradicts Theorem 1221 □ 

Thus, these functions which are commonly used in mathematics are not the result of convolutional 
smoothing. 



5 Conclusion 

Based on conversations with other authors in the wavelet set community and remarks in published 
papers, it seems that smoothing of higher dimensional wavelet set wavelets was assumed to be similar 
to smoothing in R. However, Corollary 38 in [18] showed that convolutional smoothing of the Parseval 
frame wavelet set wavelets ([—2a, 2a]''\[— a, a]'') on the frequency domain yields systems with upper frame 
bounds which increase away from 1 as the d increases. This theme is continued in this paper. We see in 
Section 12.21 that natural generalizations of Bin Han's proof of existence of smooth Parseval wavelets in 
L (R) to L (R ) also fail. We showed that smoothable wavelet sets do exist in higher dimensions, but 
these wavelet sets were created for the sole purpose of being smoothable. Thus, the question remains 
whether there exist continuous functions for which W{tp„) has frame bounds converging to 1 and for 
which, say, || l[-a,a]2\[-a/2, 0/2)2 — 'i/'nil j;,2{g2) couvcrges to as n — >■ 00 for some a < 1/2. Furthermore, 
we also explicitly construct smooth frame wavelets which have upper frame bounds converging to 1 in 
Section [3] Using results about frame bound gaps, this construction shows that basic functions used in 
differential topology are not the result of convolutional smoothing. 



6 Appendix 

We include here the calculation-intensive proofs of the results in Section [2]2] 
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Proposition\14\ We first rewrite h 



2a~\y\ 

s 

S 

' 2a—\x\ ' 
5 



1 

1 - 

1 - 

1 - 





4/2 

a-\y\ 

4/2 
a— I T 
4/2 



a — I a: I 
4/2 



in terms of 6 (from Lemma [7|. 

when \x\ G [0, 2a - S] and \y\ e [2a - S,2a + S 
when |a::|, \y\ G [2a — S,2a + S 
when [y[ G [0, 2a - S] and \x\ G [2a - 3,2a + 5 
when G [0, 2a - 5]"\[0, a + |] = 

when |a;| G [0, a — |] and \y\ G [a — |, a + | 
when |y| G [a — |, a + | 
when |y| G [0, a — |] and |x| G [a - * 



, 4 
2 , a + 2 

otherwise. 



We will prove the claim if we show that X^^g^ ^^il -s i.) (^"^i 2"y) < 1 on a set of positive measure. Note 



that for (a;,y)^ G [0, a - |] x (a - |, a + |], 
I]^{L„;5,l)(2"a;,2"y) 



'*(L„;4,|)(^'4') + ^(L„;4,|)(2a;'2y) 



ngZ 



= 1- 



1 + 26' 
1 



5/2 

a - \y\ 

5/2 



2 / a-y 
5/2 



a - \y\ 

5/2 



since < ^ 



"-|y 

4/2 



< 1 for y > a 



Provosition \15\ We first compute the following for x,y > 0, making use of Lemma |9l 

3(L„;4,|)(3^.3/) +5|'i„,5,|)(2a;,2i/) 

(a;, j/)"^ G [0, 2a - 5] x [2a - 5, 2a + 5] 



q2 / 2a-a: \ 



a-y \ \ fp ( y-a- \ 

4/2 y + I, 4/2 ; 

a — x \ I /i2 / x — a \ 
S/2 J ~^ " \ 4/2 y 



(a;,y)'^ G [2a - 5, 2a + 5]^ 
{x, yf G [2a - 5, 2a + 5] x [0, 2a - 5] 
{x,yf G [0,2a-5]2\[0,a+|]2 



q2 ( a—y 
4/2 



(a;,j/)^G [0,a-|] 



2,a+|] 
|,a + |l^ 



q2 / y-a/2 
\ '5/4 

q2 / y-a/2 \ fp. I x-a/2 ' 

\ '5/4 
q2 / x-a/2 ^ 

V <5/4 



/ £-a/2\ 







(x,y)'rG[a-|,a + |] 

|] X [0,a-| 
(x,y)^G [0,a-|]^[0,f + |]^ 

4' 2 ' ■ 

(^,y)"G [f -if + |]' 
[0, f - 1 

otherwise 



{x,yf e [a-|,a+|] X [0, a - |] 



(x,yrG[0,f-|]x[|-|,f + 1 



(x.yfG [f -|,f + |] X [0,f -I 



□ 
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1 
1 

^2 

1 
1 



x — a 
<S/2 



q2 / K-a/2 \ 

q2 / y-a/2 \ rfi 
M 5/4 y 

q2 / 3:-a/2 
\ */4 



I 



/ £-tl/2\ 



(a;, yf € [0, 2a - 5] x [2a - 5, 2a + S\ 
(x,yf G [2a -(5, 2a + 5]^ 
(x, y)^ G [2a - (5, 2a + 5] x [0, 2a - S\ 
(x,y)'^G [0,2a-5]2\[0,a+|]2 
(i,y)^G [0,a-|] X [a-|,a + |] 
(a;,y)^G [a-|,a+|]2 

(a:,y)^G [a-|,a + |] x [0, a - |] 
(x,y)^G [0,a-|]2\[0,f + 
(a;,j/rG [0,f-|] X [f -|,f + |] 

(a;,yrG [f -|,f + 11 X [0,|-|] 



a 5_ I A] 2 

2 4' 2 4J 



otherwise. 



Continuing inductively we obtain X^nezS'l^L ,5 ij (2"a;, 2"j/) 




= < 



J / a-2'"i/ A al ( a-2" 
\ 5/2 )^ \ S/2 

+0' (^) {^) 



when X = y = G 



{T'x,T^yf G [a-- |,a+ |]2;m G Z 



We would like to show that 9'^ (^^'^ 9^ (^^) +9^ (^^) 6»2 

\T ^ r„ 5 „ I *12 



otherwise, 
does not take the value 1 for almost 



all {x, yY" G [a - |, a + . Assume that i < /3 < 1 and < a < 1. Then > 1, implying 



2/3-1' 



(2a/3 - a / /3) 

(1 + 2a/3 - Q - /3 / 1) 
(a/3 + (l-Q)(l-/3) / 1) 



It follows from the intermediate value theorem and continuity that the measure of _B = {{x,y)'^ G 
[a - |,a + |]2 : i < (^^^ < 1,0 < 6*^ (^^^ < 1} is positive. So for {x,yf G E, 



2(a-y\^2 <^-x 



S/2 



S/2 



+ t 



2 y - a 



S/2 



S/2 



1 - 



S/2 

.2 f a_y_ 

s/2 



S/2 



1 - 



2 a — X 



S/2 



/ 1 



□ 



Provosition \16i We calculate the sum 



Vl(i) + Vl(2f) 
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n2 / Aa — x — y- 



= < 



S/2 \ S/2 

x+y-2a+5/2 
6/2 

q2 f 2a — x — y — 5/2 



'-) 



y-a/2 

5/4 
x + y-a + S/4 
S/4 



a/2\ 
/4 ) 



S/4 

e'^ I 

q2 



2a-y \ 
S I 

4a — x — y- 



2a — X \ 
5 ) 



1 
1 

6' 
a2 



= /, 



(x, vY € [0, 2a - (5] X [2a - 5, 2a + 5] 
{x,yf e [2a-5,2a + Sf 
{x, y)^ G [2a - 5, 2a + J] x [0, 2a - S] 
{x,yf e [0,2a-Sf\[0,a+^f 
{x,yY e [a - |,a+ |]^;2a < x + y2a + 5 
(a;,j/f e[0,a-|]x[a-|,a+|] 



for 2a — (5 < a; + J/ < 2o 

{x,yf G [a - f,a+ f] X [0,a 
(a;,j/re[0,a-ff\[0,f -, , 
f-|,f + |]'foro<a; + J/<a + 

(x,y)^G[0,f-|]x[f-|,f + |] 

f-if + |]'fo>-a-|<a; + y<a 
(a;,j/re[f-|,f + |]x[0,f-|] 



2J 
5 12 

2 



otherwise, 

(a;, e [0, 2a -5] x [2a - 5, 2a + 5] 

T 



{x, yf e [2a - (5, 2a + 5]^ 
(x, J/)''' G [2a -S,2a + S]x [0, 2a - S] 

a I t5 
2 4 



i-a/2\ 
5/4 y 

i:-a/2 \ 



(a:,yrG [0,2a-5f\[0,| + |]^ 
G [|- + fora<a; + j/<o+| 



(5 a 
4' 2 



2 

5l2 

4-1 



(a;,j/rG[|-|, 



^ L2 4' 2 "T 4J 

-f<a; + y<a 

+ |] X [0, f - |] 
otherwise, 



([-2a,2a]2\[- 



as desired. 



□ 
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